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Abstract 

The double graph of a graph G is defined as T)[G\ = G x T 2 , where T 2 is the total 
graph with 2 vertices and x stands for the Kronecker product of graphs. In this paper, 
sufficient conditions for double graphs to be maximum vertex-connected, maximum 
edge-connected are presented. 
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1 Introduction 


In this paper, unless specified otherwise, we consider only finite simple graphs (i.e., without 
loops and multiple edges). As usual V(G ) and E{G) denote the sets of vertices and edges 
of G , respectively, and adj denotes the adjacency relation of G. A vertex of degree 1 in a 
graph is called a leaf vertex(or simply, a leaf), and an edge incident with a leaf is called a 
leaf edge. For notation and terminology not defined here we refer to West [2j. 

The total graph T n on n vertices is the graph obtained from the complete graph K n 
by adding a loop to every vertex. The double graph of a graph G is defined as D[G] 
= G x h, where T 2 is the total graph with 2 vertices, and x stands for the Kronecker 
product of graphs. The Kronecker product G x H of two graphs G and H is the graph 
with V(G x H ) = V{G) x V(H ) and with adjacency defined by (ui,v\) adj (u 2 ,u 2 ) if and 
only if u\ adj rt 2 in G and v\ adj w 2 in H. In |lj it was observed that there is a kind of 
general construction which can be performed on every simple graph. The class of double 
graphs with this construction turned out to have several interesting properties. Some 
known results on double graphs are given in [lj. 

If V (T 2 ) = {0,1}, then Go = {(u,0) : v e V(G)} and G\ = {(v, 1) : v e V(G)} induce 
two subgraphs of D[G] both isomorphic to G such that Go (~) G\ = 0 and Go (J G\ induces 
a spanning subgraph of D[G]. We call {Go,Gi} the canonical decomposition of D[G]. 

As a generalization of double graphs, we define T> n \G\ = G x T„, where T n is the total 
graph with n vertices. Similarly, we call {Go, G\, ..., G n _i} the canonical decomposition 
of T) n [G\. Note that V 2 [G] = D[G]. 

In what follows, for a graph G = (V,E), we use p(G) and q(G) (or simply p and q) 
to denote |Vj and \E\, respectively. A graph G = (V,E) is maximum vertex-connected 
(in short, max-Ac) if k(G)=[ 2 ^^ ], where k{G) is the vertex-connectivity of G. Similarly, 
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G is maximum edge-connected (in short, max-A) if A(G)=[ ^q^ ], where A(G) is the edge- 
connectivity of G. Different sufficient conditions for a graph to be max-/-; or max-A have 
been recently given in the literature, see Refs. [5-9]. 


We decided to write this paper as some graphical parameters of double graphs that 
perhaps deserve to be better known. In Section 2, we consider rnax-K of double graphs 
and in Section 3, we consider max-A of double graphs. 

Proposition 1.1. \Tf k(T>[G]) = 2 n(G). □ 

Lemma 1.2. p{D n [G\) = np(G), q(D n [G]) = n 2 q(G), deg Vn ^(u,v) = ndeg G (u). □ 

In [1], some basic properties of double graphs D[G] are given, it is not difficult to 
extend some of them to T> n \G\ 1 here we list them in below. 

Proposition 1.3. For any graph G F K\ the following properties hold. 

1. G is connected if and only ifT) n [G\ is connected. 

2. If G is connected, then every pair of vertices of T) n [G] belongs to a cycle. 

3. Every edge of T) n [G] belongs to a 2 n-cycle. 

4- In 2) n [G] there is neither cut vertex nor cut edge. 

5. If G is connected, then 2) n [G] is a block. □ 

Proposition 1.4. For any graph G, 2) n [G] is bipartite if and only if G is bipartite. □ 

Proposition 1.5. For any graph G F K\ the following traversability properties hold. 

1. Let G be a connected graph, then 2) n [G] is eulerian if and only if G is eulerian or n is 
even. 

2. If G is Hamiltonian, then so is 2) n [G]. 

Proof. The proof of 1 is obvious, so we give the proof of 2 . Let {Go, Gi,..., G n _i} be the 
canonical decomposition of T) n \G\. Let 7 be a spanning cycle of G, uv and u'v' be edges 
of 7 which are not incident with, and 7 ' be the path obtained from 7 by removing the edge 
uv, 7 r and 77 are the two components of 7 — {uv, u'v'}. Let Jq and j^-i the corresponding 
paths of 7 — {uv} in Go and G n _i, respectively. Moreover, let 77 = v l ...v' i and 77 j = Ui...u! i 
be respectively the corresponding paths of 7 r and 77 in Gi, for 7 = 1,2,..., n — 2. Then 


c =7o U ??i U 71-2 U ••• UU 

{Vn-lUn-2 >u ??n-2-” 7Ti [_J{?7lTto} 


is a spanning cycle of D n [G].(See Fig.l). 


Vi m Vn -2 



7n-l 


□ 
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Proposition 1.6. n(T> n \G\) = nn(G). 

Proof. Let S be a minimum vertex cut of D n [G'j. The sets .S',; = S P| V ( Gi ), i = 0,1,n—1 
are vertex cuts of Go,Gi, ...,G n - 1 , respectively. Then \Si\ ^ k(G) and hence K(D n [G]) ^ 
nn(G). 

Conversely, let S’ be a vertex cut of G and Si be the corresponding sets in G,;, respectively, 

1 = 0 , 1, ..., ra—1. Then So [J Si U ••• U S n -i is a vertex cut of T) n \G\ and hence n(T) n \G\) ^ 

nn(G). □ 

2 A sufficient condition on max-K of double graphs 


As simple examples, we can see that both Ck and D[Cy are max-K, while K\^-i and Pk 
are max-/t, but and D[L\.] are not. 

Proposition 2.1. Let G be max-n and q = tp + to with 0 < to ^ p — 1. If 0 ^ to < f or 
| ^ to < x> then H[G'J is max-n. 

Proof. By Lemma 1.1 and the definition of max-K, we have k(T[G]) = 2k(G) = 2[^]. On 

the other hand, by Lemma 1.2, [ 2 p(v[G]) 1 = P^]- Note that q = tp + to, 0 ^ to P — 1, 
we have 


[f] = I 2 ^] = [2t + f 1 ] = { “' + ^ 

[f§$$] , [2(21 + f )] , [it + f ]. 

When 0 ^ to < f, we have [y] = 2 1 = k(G) and [^§^y] = 4t = k(D[G]), i.e., D[G] is 

max-K. When | ^ to < X’ we h ave [^y] = 2t+l = k(G) and [ 2 p(v[G]) ] = 4t+2 = k(D[G]), 
i.e., D[G] is max-K. It is easy to see that for other value of to-. H[G] is not max-K. □ 


0 ^ t 0 < | 

| sS to < P ~ 1 


One may ask that if 2)[G] is max-K when G is not. The answer to this is negative as 
shown in the following. 

Proposition 2.2. If G is not max-n, then 2)[G] is not max-n. 

Proof. Suppose that G is not max-K and D[G] is max-K. Then k(G) A [y] and 2 n(G) = 
k(D[G]) = [2y] A 2[y], From the above inequalities, it is not difficult to deduce that | ^ 
to < | or ^ < to ^ p — 1. But when | < to < f, we have [^] = 2 1 and [] = 4t + 1, 
contradicting the fact that = 2 k(G) is even. Similarly, when ^ < to ^ p — 1, 

we have [y] = 2t + 1 and [ 2 p(v[G]) ] = 4t + 3, again a contradiction. Hence D[G] is not 
max-K, if G is not. □ 

Theorem 2.3. D[G] is max-n if and only if G is max-n with 0 ^ to < | or | ^ to < x > 
where q = tp + to, 0 < to < p — 1. □ 

By using a similar argument, the result on max-K of double graphs can easily be 
extended to graphs T> n [G]. Hence we have the following theorem on max-K of D n [G]. 

Theorem 2.4. D n [G] is max-n if and only if G is max-n with 0 ^ to < ^ or § ^ to < 
^ 2 -n 1) > where q = tp + to, 0 ^ to ^ p — 1. □ 
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3 A sufficient condition on max-A of double graphs 

We start this section with some simple observations. 

Factl. If G is connected, then T)\G\ has no cut edge. Consequently, A(D[G]) ^ 2 . 


Fact2. If a connected graph G has a leaf vertex, then A(2)[G]) = 2. In particular, 
A(D[T]) = 2 for a tree T. 

Proposition 3.1. If G is a connected graph, then A(D[G]) ^ 2A(G). 


Proof. For any edge set W c: E(T)[G\) with \W\ < 2A(G), we need to show that T[G] ~W 
is connected. Suppose W is such a set of E(T>[G]), W = IFq (J Wi (J W 2 , where Wo 
and W\ are the corresponding edges of W in E{Gq) and E(G i), respectively. Let R = 
V[G]/[E(Go)[jE(G 1 )] = GxK 2 , E(R) = {K,0 ){vj,l)\v iVj e E(G)}, W 2 = Wf)E(R). 
Since R contains all vertices of D[G], we deduce that if R — W 2 is connected, then so is 
HIGH — W. Without loss of generality, we may assume R — Wo is disconnected. 

Case 1. \W 2 \ > A (G). 

In this case, we have \Wq\ < A (G) and W{ < A(G), i.e., Go — Wo and G\ — W\ are 
connected. Since \E(R)\ = 2|£'(G)|, we have | W 2 < 2A(G) ^ 2|F(G)| = \E(R)\, and then 
in E(R) — W 2 there is at leat one edge connecting Go and Gi, so D[G] — W is connected. 
Case2. \W 2 \ < A(G). 

If |Wo| < A(G) and | W\ < A(G), then both Go — Wo and G\ — W\ are connected. Since 
\W 2 \ < A(G), as in Case 1, there is at least one edge in E(R) — W 2 connecting Go — Wq 
and G\ — W i, and consequently G — IF is connected. 

Now assume that |Wo| ^ A(G) or \W\\ ^ A(G), say the former, then \W\\ < A(G) and 
Gi — W\ is connected. If Go — Wo is connected, then we are done, hence assume Go — Wo 
is disconnected. 

Suppose, to the contrary, G — IF is disconnected, and G[ is a component of G — IF. Then 
G[ is a component of Go — Wo, since G\ — W\ is connected. Since Go = G, in Go there 
are at least A(G) edges between F(G , 1 ) and F(Go) — F(G , 1 ). By the definition of D[G], 
there are at least A(G) edges between F(G , 1 ) and F(Gi), and therefore IW 2 I ^ A(G), a 
contradiction. Hence G — W is connected and the proof is complete. □ 


Since d(T[G]) = 2d(G), we have the following corollary. 
Corollary 3.2. If A(G) = 6(G), therefore A(D[G]) = 2A(G). 


Proposition 3.3. If G is a connected graph, then A(T[G]) 


4A(G), 

28(G), 


□ 

i/A(G) < 5 -^ 
if ^ < A(G) < 8 (G) 

□ 


Proof. Let S be a minimum edge cut of G, So and Si be the corresponding copies of S 
in Go, Gi, respectively. Set S 2 = {(u, 0)(v, 1), (v, 0)(u, l)|e = uv e S'}, thus | S *2 1 = 2|S'|. 
Then S’o (J S\ (J S 2 is an edge cut of T[G] and hence A(T[G]) ^ 4A(G). 

Let W be an edge cut of D[G]. The sets W 0 = W(^E(G 0 ), W x = Wf)E(G 1 ) and 
W 2 = W P) E(R) are edge cuts of Go, Gi and R, respectively. Then |Wo|, |Wi| ^ A(G). 
To get minimum edge cut of double graph, we consider A(G) and 8(G). There is two pos¬ 
sible way to choose minimum edge cut of D[G], one is choose from Go, Gi and R, another 
one is choose all edges of R as edge cut. So A(D[G]) = min{28(G),A\(G),2\E(G)\} = 
mm{25(G),4A(G)}. If A(G) ^ we have 4A(G) < 28(G) . So A(D[G]) = 4A(G). If 
< A(G) < 5(G), we have 28(G) < 4A(G) < 4 8(G). In this case, A(T[G]) = 2<S(G) □ 
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The following is an example to show that A(D[G]) = 4A(G) when A(G) = In 

Fig.3 shows A(2)[G]) = 4A(G) when A (G) < ^rp-- In Fig.4 shows A(D[G]) = 2 5(G) when 
^ < A (G) < 5(G). 

u 2 u 5 

A A 

U1 «3 U4 Uq 

X(G) = 1, 5(G) = 2 A(T[G])=4 

Fig. 2 



G 




A (G) = 1 ,5(G) = 3 
Fig .3 



A(G) = 3, 5(G) = 4,A(2)[G]) = 8 
Fig A 


Corollary 3.2 and Proposition 3.3 yield the following theorem. 


Theorem 3.4. A(D[G']) = 


2A(G), ifX(G) = 5(G) 

4A (G), ifX(G)^ s -^ 

25(G), if ^ < X(G) < 5(G) 


□ 


Proposition 3.5. Let G be max-X and q = tp + to with 0 ^ to ^ p — 1. If 0 ^ to < 4 or 
| < to < X’ then D[G] is max-X when A(D[G]) = 2A (G). 

Proof. By Theorem 3.4 and the definition of rnax-A, we have A(D[G]) = 2A(G) = 2 (A], 
On the other hand, by Lemma 1.2, = [2y]. Note that q = tp+to, 0 ^ to ^ P — 1, 
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we have 


0 < t 0 < | 
f ^ to p - 1 


[f] = I 2 ^] = [2t + f 1 ] = { “’ + 

[f§@] - [2(2t + f)] - [« + f ]• 

When 0 ^ to < f, we have [y] = 2t = A(G) and [^p|^y] = 4t = A(D[G]), i.e., D[G] is 

max-A. When | ^ to < we have [p] = 2t+l = A(G) and [ 2 p^s[G]) ] = 4t+2 = A(D[G]), 
i.e., D[G] is iriax-K. It is easy to see that for other value of to, 2)[G] is not max-A. □ 

Proposition 3.6. Let G be max-X, then 2)[G] is not max-X when A(D[G]) = 4A(G). 

A natural question is that if 2)[G] is max-A when G is not. The answer is also 
negative. 

Proposition 3.7. If G is not max-X, then T>[G] is not max-X. 

Proof. Suppose that G is not max-A and D[G] is max-A. Then A(G) ¥= [p] and 2 k(G) = 
k(T>\G\) = [2p] A 2[^]. From the above inequalities, it is not difficult to deduce that | ^ 
to < I or ^ ^ P — I- But when | ^ to < |, we have [p] = 2 1 and [ [gj^ ] = 4t + 1, 

contradicting the fact that = 2A(G) is even. Similarly, when ^ < to ^ p — 1, 

we have [y] = 2t + 1 and [ 2 p(v[G\) ^ = 4t + 3, again a contradiction. Hence T)[G] is not 
max-A, if G is not. □ 


Theorem 3.8. D[G] is max-X when A(D[G]) = 2A(G) if and only if G is max-X with 
0 ^ to < | or | ^ to < p , where q = tp + to, O^to^p — 1. □ 


It is not clear if T[G] is max-A when < X(G) < (5(G). 


Theorem 3.9. A(D n [G]) = J 


nA(G), ifX(G) = 5(G) 
n 2 A(G), */A(G)<^ 

2n5(G), if 5 Pp < X (G) < 5(G) 


□ 


Theorem 3.10. H n [G] is max-X if and only if G is max-X with 0 ^ to < ^ or | ^ to < 
g = tp + t 0 , 0 t 0 ^ p - 1 . □ 
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